The application of the hyperspherical harmonic approach to the case of the N − d scattering problem below deuteron breakup threshold is described. The nuclear Hamiltonian includes twoand three-nucleon interactions, in particular the Argonne v 18 , the N3LO-Idaho, and the V low−k two-nucleon, and the Urbana IX and N2LO three-nucleon interactions. Some of these models are local, some are non-local. Also electromagnetic effects are included. Accurate calculations for many scattering observables at various center-of-mass energies are performed and the results are compared with the available experimental data. Furthermore, a χ 2 analysis of some of the Hamiltonian models has been performed to compare their capability to describe the scattering process.
I. INTRODUCTION
One of the main inputs for any study on nuclear systems within a non-relativistic framework is the model used to describe the nuclear interaction, i.e. the nuclear Hamiltonian.
Nowadays, it is common practice to use, at least for few-nucleon systems, Hamiltonian models composed of a two-nucleon plus, for A ≥ 3, a three-nucleon interaction (TNI). The modern two-nucleon interaction models have a large number of parameters and can reproduce the deuteron properties and the nucleon-nucleon scattering data up to the pion threshold with a χ 2 /datum ≃ 1. Among them, the Argonne v 18 (AV18) [1] and the charge-dependent Bonn (CDBonn) [2] explicitly include charge-symmetry-breaking terms in the nuclear interaction, in order to reproduce equally well the np and pp data. Recently, a number of two-nucleon interaction models have been derived by many authors within an effective field theory (EFT) approach, up to next-to-next-to-next-to leading order (N3LO) [3, 4] . In particular, the N3LO model of Ref. [4] (N3LO-Idaho) reaches the same level of accuracy of the CDBonn model.
The available models for the TNI contain, on the contrary to the two-nucleon interaction models, a small number of parameters, usually fixed to reproduce the 3 H and/or 4 He binding energies and, in some cases, the nuclear matter equilibrium density. Among the different existing models, we quote only those ones of the Urbana and Tucson-Melbourne families.
Although constructed within different frameworks, these two families of potentials have shown to give similar results, when used in conjunction with a given two-nucleon interaction model. Therefore, we have considered the Urbana IX [5] (UIX) TNI in conjunction with both the AV18 and N3LO-Idaho two-nucleon interaction models. Finally, it should be noticed that within the EFT approach mentioned above, also TNIs appear at the next-to-next-to leading order (N2LO) [6] . In particular, we will consider the local version of this N2LO TNI, as given in Ref. [7] .
More recently, a new class of two-nucleon interactions has been obtained (V low−k potentials). With the purpose of eliminating from the semi-phenomenological high precision two-nucleon potentials the high-momentum parts, the two-nucleon Hilbert space has been separated into low-and high-momentum regions and the renormalization group method has been used to integrate out the high-momentum components above a cutoff Λ [8] . The value for Λ is typically fixed in A > 2 systems, for example so that the triton binding energy is reproduced.
At this point, a crucial issue is to test the model for the nuclear Hamiltonian studying
A ≥ 4 bound states and A ≥ 3 scattering states. In the present work, we focus our attention to the A = 3 scattering problem, which has been the object of a large number of investigations [9] . Traditionally, the A = 3 scattering problem with realistic Hamiltonians is solved using the Faddeev equations. On the other hand, we have developed in recent years a variational approach, based on the expansion of the wave functions on the hyperspherical harmonics (HH) basis (for a recent review, see Ref. [10] ). This method has proven to be very efficient in the description of bound and scattering states in few-nucleon systems.
In Ref. [11] the HH expansion with correlations factors (the correlated HH -CHH -and pair-correlated HH -PHH -expansions) has been used to describe A = 3 bound states, whereas the extension to scattering states has been discussed in Ref. [12] . The inclusion of correlation factors was motivated by the short range repulsion of the two-nucleon potential which induces particular configurations in the wave function difficult to describe using the bare expansion. In fact, in Ref. [13] the HH expansion without correlation factors has been used to describe the A = 3 bound state, with the AV18 interaction. The conclusion was that a much higher number of states are necessary when the bare expansion is used. The same observation has been done in the A = 4 system [14] and is a direct consequence of using local interactions, which result to have a strong repulsion at short distances. The implementation of the HH method in momentum-space has been done in Ref. [15] for the A = 3, 4 bound
states. This analysis has revealed a much faster convergence of the expansion when non-local potentials are considered, even when TNI terms are taken into account.
The aim of the present work is twofold. First, we want to extend the HH method to describe N − d scattering states using either local or non-local potentials. We will show that we can apply the method in both configuration and momentum spaces. Second, we will present a detailed comparison between the predictions of the different models, local and non-local, at low center-of-mass energies, for n − d as well as p − d scattering. Moreover, we will consider the Coulomb potential plus the magnetic moment (MM) interaction that was shown to give sizable contributions [16] . To our knowledge, this is the first time that non-local two-plus three-nucleon potentials are used to describe p − d scattering at very low energies.
The paper is organized as follows: in Sec. II, the HH method for the low-energy scattering problem is described, putting more emphasis on those new developments of the method necessary in order to use non-local interaction models. In Sec. III, the results for the zeroenergy scattering lengths and low-energy elastic scattering observables are presented and discussed. Some concluding remarks are given in Sec. IV.
II. FORMALISM
In this section we present the HH method for scattering states. The method for bound states has been most recently reviewed in Ref. [10] , and its main characteristics are briefly summarized in the following subsection.
A. The HH Method for Bound States
The nuclear wave function for the three-body system with total angular momentum J, J z can be written as
where |Ψ
JJz µ
is a suitable complete set of states, and µ is an index denoting the set of quantum numbers necessary to completely specify the basis elements.
The coefficients of the expansion can be calculated using the Rayleigh-Ritz variational principle, which states that
where δ c Ψ JJz indicates the variation of Ψ JJz for arbitrary infinitesimal changes of the linear coefficients c µ . The problem of determining c µ and the energy E is then reduced to a generalized eigenvalue problem,
The main difficulty of the method is to compute the matrix elements of the Hamiltonian H with respect to the basis states |Ψ
. Usually H is given as a sum of terms (kinetic energy, two-body potential, etc.). The calculation of the matrix elements of some parts of H can be more conveniently performed in coordinate space, while for other parts it could be easier to work in momentum space. Therefore, it is important that the basis states |Ψ JJz µ have simple expressions in both spaces. The HH functions indeed have such a property.
Let us first consider the expression of the HH functions in coordinate space. The internal dynamics of a system of three nucleons of identical mass m is conveniently described in terms of the Jacobi vectors x 1p , x 2p , constructed from a given particle permutation denoted with p, which specifies the particle order i, j, k, and given by
Here p = 1 corresponds to the order 1,2,3. It is convenient to replace the moduli of x 2p and x 1p with the so-called hyperradius and hyperangle, defined as [17] 
Note that ρ does not depend on the particle permutation p. The complete set of hyperspherical coordinates is then given by {ρ,
and the suffix (ρ) recalls the use of the coordinate space.
The expansion states |Ψ JJz µ of Eq. (2.1) are then given by
where f l (ρ) for l = 1, . . . M is a complete set of hyperradial functions, chosen of the form
Here L
l (γρ) are Laguerre polynomials, and the non-linear parameter γ is variationally optimized. As an example, for the N3LO-Idaho potential, it can be chosen in the interval 6-8 fm −1 .
The functions Y {G} (Ω (ρ) ) are written as 10) where the sum is performed over the three even permutations. The spins (isospins) of particle i and j are coupled to S 2 (T 2 ), which is itself coupled to the spin (isospin) of the third particle to give the state with total spin S (isospin T, T z ). The total orbital angular momentum L and the total spin S are coupled to the total angular momentum J, J z . The
, having a definite value of L, L z , are the HH functions, and are written as [13] :
is a normalization factor and
n (cos 2φ p ) is a Jacobi polynomial, n being the degree of the polynomial. The grand angular quantum number G is defined as 
is called "channel", and the antisymmetrization of Y {G} (Ω (ρ) ) requires ℓ 2 + S 2 + T 2 to be odd. In addition, ℓ 1 + ℓ 2 must be even (odd) for positive (negative) parity. To be noticed that after the sum on the permutation in Eq. (2.10), some states inside the sub-space spanned by G are linearly dependent. These states have been identified and removed from the expansion [10, 13] .
In this work, we have considered modern two-body potential models which act on specific spin and angular momentum states of the two-body system. Due to the presence of the sum over the permutations in the expression for Y {G} , a given particle pair is not in a definite angular and spin state. However, the HH functions with the grand angular quantum number G constructed in terms of a given set of Jacobi vectors x 1p , x 2p , defined starting from the particle order i, j, k, can be always expressed in terms of the HH functions constructed, for instance, in terms of x 1(p=1) , x 2(p=1) . In fact, the following relation holds 12) where the sum is restricted to the values ℓ
,n ′ relating the two sets of HH functions are known as the Raynal-Revai coefficients [18] , and could be computed rather easily using the orthonormality property of the HH functions, namely
Also the spin-isospin states can be recoupled to obtain states where the spin and isospin quantum numbers are coupled in a given order of the particles. The result is that the antisymmetric functions Y {G} can be expressed as a superposition of functions constructed in terms of a given order of particles i, j, k, each one having the pair i,j in a definite spin and angular momentum state. When the two-body potential acts on the pair of particles i,j, the effect of the projection is easily taken into account.
The expansion states of Eq. (2.1) in momentum space can be obtained as follows. Let k 1p , k 2p be the conjugate Jacobi momenta of the Jacobi vectors, given by
14)
p i being the momentum of the i-th particle. We then define a hypermomentum Q and a set of angular-hyperangular variables as
,
where
Then, the momentum-space version of the wave function given in Eq. (2.8) is 17) where Y {G} (Ω (Q) ) is the same as Y {G} (Ω (ρ) ) of Eq. (2.10) with x ip → k ip , and
With the adopted form of f l (ρ) given in Eq. (2.9), the corresponding functions g G,l (Q) can be easily calculated, and they are explicitly given in Ref. [15] . 21) where the sum over p has to be done over the three even permutations necessary to antisymmetrize the functions Ω λ LSJJz , and
Here the spin and isospin quantum numbers of particles i and j have been coupled to S 2 and 23) where q is the modulus of the N − d relative momentum (related to the total kinetic energy in the center of mass system by T cm = q 2 2µ
, µ being the N − d reduced mass), η = 2µe 2 /q and ξ p = qy p are the usual Coulomb parameters, and the regular (irregular) Coulomb function
and the factor C L (η) are defined in the standard way [19] . The factor
has been introduced so that F and G have a finite limit for q → 0. The can be written in the form 26) has to be stationary with respect to variations of the trial parameters in Ψ LSJJz N −d . Here E is the total energy of the system, m is the nucleon mass, and L is chosen so that
(2.27)
As described in Ref. [21] , using Eqs. (2.20) and (2.24), the variation of the diagonal functionals of Eq. (2.26) with respect to the linear parameters c µ leads to the following system of linear inhomogeneous equations:
Two different terms D λ corresponding to λ ≡ R, I are introduced and are defined as
The matrix elements R J LS,L ′ S ′ (q) are obtained varying the diagonal functionals of Eq. (2.26) with respect to them. This leads to the following set of algebraic equations
with the coefficients X and Y defined as In the particular case of q = 0 (zero-energy scattering), the scattering can occur only in the channel L = 0 and the observables of interest are the scattering lengths. Within the present approach, they can be easily obtained from the relation
An alternative way to solve the scattering problem, used when q = 0, is to apply the complex Kohn variational principle to the S-matrix, as in Ref. [21] . In this way, the Kohn 
The functionsΩ
Note that, with the above definition, the reactance K-matrix elements can be related to the S-matrix elements as
The calculation involving Ψ 
In the present work, we consider both two-and three-nucleon interactions, and therefore
We first focus on the two-body contribution. Due to the antisymmetry of the wave function, the following relation holds
where |Φ can be either |Ψ 
in coordinate-space, and 40) in momentum-space, where x 2 (p=1) and k 2 (p=1) are the moduli of the vectors defined in Eqs. (2.4) and (2.14), respectively. When local potential models are considered, such as the
The first difficulty that needs to be overcame arises from the fact that when the V 12 operator acts on Ω λ LSJJz (p = 1), the particle pair 12 does not have a well definite orbital and spin angular momenta. However, the following relation holds:
where Λ, Λ z are the total orbital angular momentum and its third component. The functions
) have been calculated and the spin-isospin states have been also properly recoupled, the effect of the projection operator in V 12 is easily taken into account.
A second difficulty arises in the calculation of the potential matrix element, when nonlocal potentials expressed in momentum-space are used. On the contrary to the core part of the scattering wave function Ψ LSJJz C , which can be alternatively expressed in coordinateor in momentum-space, the asymptotic states Ω 
where j ℓ (kr) and j ℓ ′ (k ′ r ′ ) are the standard spherical Bessel functions. The integrations over k and k ′ , which run from 0 to ∞, are easily performed when the potential model considered does not have a high-momentum tail, but goes rapidly to zero at rather low values of k and k ′ . This is true for the N3LO-Idaho and V low−k potential models, but not for the CDBonn.
Since the main goal of the present work is to perform a first test of the applicability of the HH method to the A = 3 scattering problem using non-local realistic interactions, only the N3LO-Idaho and V low−k two-body potentials have been considered.
Some remarks about the calculation of the three-body contribution to the potential energy operator of Eq. (2.37) are in order. The TNIs considered in the present work are the Urbana IX [5] (UIX) and the N2LO [7] potentials. The first one is used in conjunction with both the AV18 and N3LO-Idaho two-nucleon interactions. In the second case, the parameter in front of the spin-isospin independent part of the UIX TNI has been rescaled by a factor of 0.384 to fit the triton binding energy [22] (UIXp). The N2LO TNI has been used only in conjunction with the N3LO-Idaho potential model. All these TNIs are local potentials, and have a well defined operatorial structure. Therefore, the projection procedure of Eqs. (2.42) and (2.43) is not needed and the present approach follows the footsteps of the PHH technique [12, 23] .
III. RESULTS
In this section we present our results for n − d and p − d scattering observables at center-of-mass energies below deuteron breakup threshold. The interaction models which have been used are the AV18 and the N3LO-Idaho two-nucleon, and the AV18/UIX, N3LO-Idaho/UIXp and the N3LO-Idaho/N2LO two-and three-nucleon interactions. Note that the AV18 and AV18/UIX results are the same as those ones first obtained in Ref. [24] , using the PHH expansion. We have considered also the V low−k model, obtained from the AV18
two-nucleon interaction with a cutoff parameter Λ equal to 2.2 fm To be noticed that the scattering channels in the case of J π = 1/2 − are ordered for increasing values of ℓ 1 + ℓ 2 . This is true also for all the channels here considered, except those for Table I ), where the ordering respects an "historical choice", first done in the case of the three-nucleon bound state in Ref. [25] .
In Table III To study the convergence on the HH expansion, as it has been done in Ref. [14] , we have separated the HH functions into classes having particular properties and we have taken into account the fact that the convergence rates of the different classes are rather different.
For instance, we expect that the contribution of the HH functions with lower values of ℓ 12,α = ℓ 1,α + ℓ 2,α to be the most important. Therefore, for all the J π scattering states, except J π = 1/2 + , the different classes are classified with increasing value of ℓ 12,α , up to ℓ 12,α ≤ 6, and among those ones with the same ℓ 12,α , we have included first the contributions Table I , but for the first 25 channels considered in the expansion of the Tables I and II are included with grand angular momentum for all the channels set equal to 20 for Table IV for J π = 1/2 + and V for J π = 1/2 − . Here, M = 28
Laguerre polynomials in the expansion of the hyperradial function are included, and again the N3LO-Idaho two-nucleon potential is used.
From the cases presented in the Tables, and as Table IV ). On the other hand, in the case of the local AV18, we have verified that within the HH expansion (i.e. without the correlation) G 1 = 160 is needed to reach the same degree of accuracy.
This is related to the fact that the AV18 potential is more repulsive at short interparticle distances, and therefore the corresponding wave functions in that region are more difficult to be constructed. In fact, when the calculation is performed using the V low−k potential model, which is very soft at short interparticle distances, it is sufficient to set G From now on, all the results which will be presented have been obtained at convergence in the basis expansion.
The results for the n − d and p − d doublet and quartet scattering lengths are given in able disagreement with the experimental data, and a sizable difference from the AV18/UIX results is also observed. Therefore, even when the cutoff parameter of the V low−k interaction model is fixed to reproduce the triton binding energy, the doublet scattering length is not well reproduced. This observation seems to suggest that the S-wave sensitive scattering observables, like the scattering lengths, are not properly described by simply increasing the attraction, but a right balance between attraction and repulsion of the nuclear force has to be reached. Such a balance cannot be achieved with just one parameter, as the cutoff Λ of the V low−k interaction. Further analysis of these aspects is currently underway [28] .
The p − d elastic scattering observables have been studied at different values of centerof-mass energy E cm . Since we have considered several interaction models, we first focus our attention on the two-nucleon only models, i.e. the AV18 and the N3LO-Idaho. The differential cross section dσ/dΩ, the proton vector analyzing power A y , the deuteron vector Exp. [27] 0.645±0.003±0.007 -observables (the well-known "A y -puzzle" [24, 35] ); (ii) no differences between the AV18 and the N3LO-Idaho curves can be seen for the differential cross sections; (iii) the N3LO-Idaho curves are systematically closer to the data than the AV18 ones for the polarization observables, especially for A y and iT 11 . The reason of this behaviour is well known [16] and is related to the MM interaction. In fact, the AV18 potential model has been constructed keeping the electromagnetic interaction separated from the nuclear one. The electromagnetic interaction includes the MM one, as well as higher-order corrections to the pp Coulomb potential as two-photon exchange, Darwin-Foldy and vacuum polarization terms. The MM interaction effects are known to be sizable in N −d elastic scattering [16] . On the contrary, the Data are from Ref. [29] at E cm = 0.266 MeV, from Ref. [30] at E cm = 0.431 MeV, from Refs. [29] (solid circles), [31] (empty circles), and [32] (empty squares) at E cm = 0.666 MeV, from Refs. [32] (empty squares -E p = 1.993 MeV), [33] (solid circles), and [34] (empty circles -E p = 2.08 MeV)
at E cm = 1.33 MeV, from Refs. [33] (solid circles) and [34] (empty circles -E p = 2.53 MeV) at E cm = 1.66 MeV, from Refs. [33] (solid circles), [32] (empty squares -E p = 2.995 MeV), and [34] (empty circles) at E cm = 2.0 MeV.
the maximum region, and that the AV18+MM and N3LO-Idaho curves are quite close to each other for all the observables considered. Although this analysis should be performed systematically at any value of E cm and for any observable, given the conclusions of Ref. [16] , it can be expected that a similar behaviour still holds. Therefore, we can conclude that the non-local N3LO-Idaho and the local AV18 two-nucleon interactions give similar results once the MM effects are included in the AV18 calculation. For this reason, we have chosen to use the N3LO-Idaho two-nucleon interaction model in the continuation of our study.
In order to have a meaningful comparison with the data, the TNI cannot be neglected in the calculation. Therefore, we present in Figs. 9, 10, 11, 12, 13 and 14 the results for the different observables, obtained with the N3LO-Idaho two-nucleon, and the N3LO-Idaho/UIXp and N3LO-Idaho/N2LO two-and three-nucleon interaction models. From inspection of the figures, we can observe that the TNI effects are sizable, especially for the polarization observables, and the N3LO-Idaho/N2LO potential model gives a slightly better description of the data than the N3LO-Idaho/UIXp one. In particular, it is interesting to notice that the A y and iT 11 observables are better described at every value of E cm , except for iT 11 at E cm = 1.66 MeV, although even in this case all the curves are very close to each other. Fig. 1 , but for the deuteron vector analyzing power iT 11 . Data are from Ref. [30] at E cm = 0.431 and 1.33 MeV, from Ref. [31] at E cm = 0.666 MeV, from Ref. [33] at E cm = 1.66 and 2.0 MeV.
For a better comparison between the different potential models and the data, a χ 2 analysis has been carried only for those observables, except the differential cross section, for which the number of data N is N ≥ 7. In particular, following Ref. [36] ,
where f exp i is the ith datum at center-of-mass angle θ i , ∆f i is its experimental error, and
is the theoretical value at the same angle. The results are given in Table VII at E cm = 0.431 MeV, from Ref. [31] at E cm = 0.666 MeV, from Refs. [33] at E cm = 1.66 and 2.0
MeV.
and three-nucleon interactions, except for the tensor analyzing power T 20 and T 21 . This is a well-known and still unclear issue, i.e. T 20 and T 21 are better described, as the energy increases, by two-nucleon only interaction models, even at 30.0 MeV [37] . Among the twoplus three-nucleon interaction models, the N3LO-Idaho/N2LO performs slightly better than the N3LO-Idaho/UIXp. ones. This can be understood noticing that the considered observables are sensitive to Pand D-wave scattering. The P -wave phase shifts and mixing angles are influenced by the UIX TNI attraction term, which is reproduced, within the V low−k approach, by fitting the cutoff parameter Λ. In fact, the J π = 1/2 − phase shifts and mixing angle (δ 1 are from Refs. [38, 39, 40] and Refs. [41, 42] at E cm = 1.33 MeV and 2.0 MeV, respectively.
The different curves are obtained using the N3LO-Idaho, N3LO-Idaho/UIXp and N3LO-Idaho/N2LO potential models. From inspection of the figures, we can observe that all the curves are very close to each other, especially for the differential cross section dσ/dΩ and the tensor analyzing powers T 20 , T 21 and T 22 , although some small differences are appreciable.
Moreover, some differences are present for the A y and iT 11 vector polarization observables at the peak, even if TNI effects are small. Comparing the calculations with the data, we can observe that the calculated dσ/dΩ at E cm = 1.33 MeV is much lower than the measured one for large values of the center-of-mass angle θ cm . Such a discrepancy however disappears at E cm = 2.0 MeV. This difference has been observed before and its origin has still to be clarified [23] . As in the p − d case, the n − d vector analyzing powers A y are poorly described MeV), [33] (solid circles), and [34] (empty circles -E p = 2.08 MeV) for the differential cross section, and from Refs. [33] and [30] for the A y and iT 11 polarization observables, respectively. The incident Fig. 7 but for E cm = 2.0 MeV. The data are from Refs. [33] (solid circles), [32] (empty squares -E p = 2.995 MeV), and [34] (empty circles) for the differential cross section, and from Ref. [33] for the polarization observables. The incident proton (deuteron) is E p = 3.0 MeV by the theory in the maximum region, but it should be noticed that the N3LO-Idaho/N2LO
gives again a better description of the observables than the N3LO-Idaho/UIXp Hamiltonian model.
IV. CONCLUSIONS
Following our previous studies on the HH method revisited to work in momentumspace [10, 15] , we have implemented our technique to study the N − d elastic scattering problem at center-of-mass energies below deuteron breakup threshold, using both local and non-local realistic nuclear interactions. Using this method, it is possible to accurately cal- scattering in Ref. [10] . are from Refs. [29] (solid circles), [31] (empty circles) and [32] (empty squares) for the differential cross section, and from Ref. [31] for the polarization observables. The incident proton (deuteron)
is E p = 1.0 MeV (E d = 2.0 MeV). Fig. 15 , but at E cm = 2.0 MeV . The data are from Refs. [33] (solid circles), [32] (empty circles) and [34] (empty squares) for the differential cross section, and from Ref. and the N3LO-Idaho/N2LO (solid line) potential models. The experimental data are of Refs. [38] (solid circles) and [39] (empty squares -E n = 2.016 MeV) for dσ/dΩ, and Ref. dσ/dΩ, and Ref. [42] for A y . The incident neutron (deuteron) is E n = 3.0 MeV (E d = 6.0 MeV).
